One of the goals of this paper is to study the first case in which the problem
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M. BRODMANN AND W. VOGEL > r + 1 and if the generic hyperplane section Y of X is either non-smooth or non-rational, we shall use a lemma of [Ho-M-V] and the fact that Y is not of maximal regularity (s. [G-L-P]) to conclude. So, the crucial point is to study the case where the generic hyperplane section Y is smooth and rational. In the terminology of [Br 2 ] this means that X is normal and of sectional genus 0.
We study this case in detail, thereby admitting that X is arithmetically λ -Buchsbaum for some natural number k. (If X is normal, such a k always exists).
Observe that (if we do not want to specify k) this case may be characterised by the facts that X is Cohen-Macaulay and has smooth and rational generic hyperplane sections. In this situation one of our main results (see (3.11)) gives bounds for the first local cohomology module of the homogeneous coordinate ring of X in terms of r, degOO and k.
Setting k = 2, these bounds easily furnish the inequality (0.2) if deg(X) > r+ 2 and deg(X) > 6. The remaining cases deg(X) = r + 1 and deg(X) = 6, r = 4 need a more detailed analysis, which heavily relies on the assumption that k equals 2.
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Preliminary results
Let K be an algebraically closed field of characteristic 0. Let P y = PIΌJCKLXQ,... ,X r ]) be the projective space of dimension r over the field K. First, we recall the definition of a closed λ -Buchsbaum scheme in P r .
Let Y -ProjCA) be a closed subscheme of P and let k > 0 be an integer.
Let P -A >0 be the irrelevant ideal of A. Then Y is called (arithmetically)
λ -Buchsbaum if the local cohomology modules Hp(A) are annihilated by P for Let X <Ξ P r be a closed non-degenerate irreducible and reduced surface.
Assume that (1.1) Xis arithmetically λ -Buchsbaum for some k ^ N.
( (b) There is an integer k > 0 such that Fis /c-Buchsbaum.
In terms of Serre cohomology the condition that Y is /c-Buchsbaum may be expressed as follows:
Proof. By assumption (1.1), X is a CM-surface. It thus remains to be shown, that X has only finitely many singular points. Let us assume that this is not the case ! Then, the singular locus Y of X is a closed one-dimensional subset of X. Now, let H <Ξ P r be a generic hyperplane. By (1.2) the scheme-theoretic intersection X Π H is a smooth curve. Hence the points of X Π H are regular points of X. This implies that Y Π H = 0 and thus contradicts our assumption that Y is of dimension 1.
• Let A be the homogeneous coordinate ring of our surface X. So A is a graded integral if-algebra of Krull dimension 3, which is generated over K by finitely many forms of degree one. We write A n for the w-th homogeneous part of A. The dimension of the if-vector-space A n will be denoted by a n . 
Proof, a) follows from the fact that A is integral and of positive dimension, b) from the reducedness and connectivity of X.
To prove c) and d) we choose a generic element h ^ A χ -{0} such that Y = ProjG4//k4) is a smooth, connected and rational curve. (Such elements h exist by our hypothesis (1.2)). Applying cohomology to the sequence 0~+A +A/hA(ϊ) -+ 0 we get the following exact sequences
As Y is smooth and rational its geometric genus vanishes, and hence we have
As for all n e Z and all l^A,~ {0}.
B) As another consequence of (1.5) we obtain H 2 (A/lA) n = 0, for all n e N o , and all / e A, -{0}.
We write d for the degree of X. Then we have
Proof. By (1.5) b) and the sequences of (1.7) A) we get 
Generic pairs of linear forms
We keep the notations and hypotheses of the previous section. 
Now, we write
Using this notation, we have the following result, which follows immediately from (2.4). In view of (2.7) B) we get from (2.6) that β z is ^-regular for all n > t + 1. Now, let /Y £Ξ 0 pr _! be the ideal sheaf associated to F. As Z is a CM-scheme, so is Y. So, the members of Ass(0 K ) are all generic and thus avoided by L. As a consequence we have / z -β γ \ L. Now, the Lemma of Mumford-Le Poitier [Mu 2 , p. 102] shows that h\P r '\ β γ (n)) < maχ{0, h\n -1)) -1} for all n > t+ 1.
In view of (2.7) A) this proves our claim. Now, we conclude by (2.6).
• 
Proof In view of (2.8) and (2.9) it remains to be shown that h (B) n < F(n) for 0 < n < α, where B stands for A/(λh + μl)A. This is done by induction on n. If n = 0, the sequence H ι {A) 0~+ H ι (B) 0~* H^A)^ together with (1.5)
shows that h{B) 0 = 0 < F(0). So, let 0 < n < a. The sequence ( * ) of (2.9) together with (2.4) furnishes the inequality h (B) n < h {B) n _ ι + d -1 -(r -2)n. Applying the hypothesis of induction we finally obtain h (B) n < F(n -
1) + d-l -(r-2)n = Fin). D 3. Bounding 1 the numbers h iA) n
We keep the previous notations and hypotheses. The aim of this section is to
give bounds on the numbers h (A) n . We start with the following auxiliary result:
Proof. Let h G A x be a generic linear form. The inequality a) now follows immediately from the exact sequence
and from (2.10) a). In particular we get k < 6.
For the previous bounds it is not necessary to know k. If we know k, sharper bounds may be deduced. To obtain them, we need an auxiliary result. To state it, we introduce the invariant (3.8)
Proof. Let h, I £= A ι be a generic pair of linear forms. Then, for any pair 
'-{
where β 0 and γ are defined according to (3.8) respectively according to (3.4). Now, combining (3.5) and (3.9) we get the following estimate:
;n = β.
-β)} ;n>β. Proof. Let h €= A be a generic linear form. Then the exact sequences
together with (2.10) and (2.13) give rise to
we get an epimorphism h : H (A) n _ k -* H (A) n -* 0, which at the same time is 0.
The previous result tells us in particular that H (A) n vanishes whenever n > a + F(a) + k or n > a + 2k -1. We now prove a result which partially improves these estimates.
Proof. In the cases k -1,2 we made use of (3.12) (and (3.11)), whereas in the cases k -3,4 we used (3.13). In the next section we shall see that an improvement of these bounds is possible if k -2. We namely will show that h 04) 3 = 0 in this case.
The case k = 2
The goal of this section is to give regularity bounds for projective surfaces which are 2-Buchsbaum. It turns out, that the case in which (1.2) is satisfied plays a crucial role. Among the surfaces occuring in this case, those which satisfy degGD -T + 1 are of particular importance. For the moment we therefore keep the notations and hypothesis of the previous section and give the announced improvement of the bounds presented in (3.14). Proof. In view of (3.14) it suffices to show that H (A) 3 By reg(T) we denote the CasteInuovo-Mumford regularity of a closed subscheme T of P . So, if β τ £Ξ Θ-p r is the ideal sheaf associated to T, we may write (4.3) reg(7) = inίim e Z | //'(P r , / r (n -i)) = 0, for all z > 0, for all n > m).
Now, as an application of (4.1) we get
